These notes are based on work done in collaboration with Frank Ferrari. We show how to determine the spectra of stable BPS states in N = 2 supersymmetric SU (2) Yang-Mills theories that are asymptotically free, i.e. without and with N f = 1, 2, 3 quark hypermultiplets. In all cases:
INTRODUCTION
N = 2 susy gauge theories possess an important holomorphicity property. The low-energy effective action of the SU (2) theory e.g. is characterized by a holomorphic function F (a), or actually by two such functions a(u) and a D (u) = F ′ (a(u)). Knowledge of these two functions completely determines the low-energy effective action, as well as the masses of all BPS states at any point u of the moduli space. Holomorphicity is of course a very strong mathematical condition. It allowed Seiberg and Witten [1] , given some physical one-loop input, to completely determine these two functions, thus obtaining also all nonperturbative multi-instanton contributions.
One might expect that holomorphicity implies that all physical quantities vary smoothly over the moduli space. This is certainly true for the masses. There is however one important exception that concerns the stability of BPS states. As first observed in a two-dimensional context [2] and in the present context by Seiberg and Witten [1] , there exists a curve on moduli space, called the curve of marginal stability, where otherwise stable BPS states become degenerate with other BPS states and can decay. This curve is simply determined by the ratio (a D /a)(u) being real, and hence has a priori nothing to do with the holomorphicity properties of a D (u) and a(u). In [3, 4] we studied the properties of these curves, which together with a certain discrete global symmetry acting on the (Coulomb branch of) moduli space, allowed us to exactly determine which BPS states can and do exist on either side of the curves, i.e. the weak-coupling (semi-classical) and strong-coupling spectra. These spectra are highly discontinuous across the curves, with almost all weak-coupling states decaying into very few strong-coupling states.
Here, after giving a very brief account of the work of Seiberg and Witten for gauge group SU (2), we discuss the curves of marginal stability together with the discrete global symmetries and show how the different spectra are obtained. We first concentrate in more detail on the pure SU (2) Yang-Mills case (N f = 0), and then present the results for the cases with quark hypermultiplets, N f = 1, 2, 3, which are the only asymptotically free possibilities for SU (2) (restricting ourselves to vanishing bare masses).
REVIEW OF SEIBERG-WITTEN THEORY
Let us start with a flash review of [1] where the low-energy effective action and BPS mass formula on the moduli space of pure N = 2 susy SU (2) Yang-Mills theory was studied. The relevant susy multiplet is a N = 2 vector multiplet containing a vector
Weyl spinors λ, ψ and a complex scalar φ, all in the adjoint representation of the gauge group SU (2). The action is such that a scalar potential
2 is present. Unbroken susy implies [φ, φ + ] = 0, still leaving the possibility of a non-vanishing vavuum expectation value of φ which one may take as φ = 1 2 a σ 3 with a ∈ C. Gauge inequivalent vacua then are parametrized by a 2 or rather by u = tr φ 2 which is a good coordinate on the moduli space M = C ∪ {∞}. Since φ has a nonvanishing expectation value, by the Higgs mechanism, all components b = 1, 2 of the vector multiplet acquire a mass m = √ 2|a| while the b = 3 components remain massless. This breaks SU (2) to U (1).
Integrating out the massive fields, one can then in principle compute the low-energy effective action of the massless fields. Restricting oneself to two-derivative terms, the form of this action is constrained by N = 2 susy to depend only on a single holomorphic function F (a). Combining the knowledge of the one-loop computation of F (the only perturbative contribution) and arguments about monodromies and the expected number of singularities on moduli space, Seiberg and Witten were able to determine a(u) and a D (u) ≡ (∂F /∂a)(u) explicitly in terms of integrals of the holomorphic one-form on a certain genus one elliptic curve over the cycles of the homology basis. From there, one can reconstruct F (a) and the low-energy effective action.
The a(u) and a D (u) however directly give the masses of the BPS states as
where n e and n m are the integer electric and magnetic charge quantum numbers of the state. The massive perturbative states (W bosons and superpartners) have n e = ±1, n m = 0 so that m = √ 2|a| as noted above. Magnetic monopoles that do exist as non-pertubative solitonic states have n e = 0, n m = ±1 and mass m = √ 2|a D |. States with masses strictly larger than the r.h.s. of (1) are non BPS states and must be in a different type of susy multiplet, a so-called long multiplet containing necessarily spins larger than one. All known states turn out to be in short multiplets of spins less or equal to one and are BPS states satifying (1) .
The functions a(u) and a D (u) are explicitly given by a(u) = u + 1 2
They have cuts and branch points. The latter are the singular points on the moduli space at u = 1, −1 and ∞. Around these points the section (a D , a) has non-trivial monodromies in SL(2, Z) ≡ Sp(2, Z). The full Sp(2, Z) is the group of duality symmetries of the low-energy effective action and it includes electric-magnetic duality. Note that the spectrum of (massive) BPS states will not be invariant under the full duality group, since the latter is not a symmetry of the non-abelian N = 2 susy Yang-Mills theory, only of the abelian low-energy effective action. The singular points on moduli space have an important physical interpretation. There, an otherwise massive BPS state becomes massless. While integrating out massive states is a sensible operation, integrating out a massless field leads to divergencies. So when a massive state that had been integrated out becomes massless somewhere on moduli space, one expects and indeed gets a singularity at this point. The singularity at u = +1 corresponds to a magnetic monopole (as well as anti-monopole) (n e , n m ) = ±(0, 1) becoming massless and the singularity at u = −1 to a dyon (±1, 1) (and antidyon −(±1, 1)) becoming massless (cf. eqs. (1) and (2)).
Note already that the two singularities are related by a Z 2 symmetry acting on the moduli space as u → −u. Note also that as u → ∞, a(u) ∼ √ 2u → ∞. Since a sets the mass scale, the SU (2) Yang-Mills theory becomes asymptotically free in this limit, which hence is the semiclassical limit. On the other hand, u = ±1 are in a region of strong coupling and the associated singularities are genuine non-perturbative effects.
BPS STATES, CURVE OF MAR-GINAL STABILITY AND EXAM-PLES OF DECAYS
Equation (1) gives the mass of a BPS state in terms of the corresponding central charge
appearing in the N = 2 susy algebra. Note that Z is given by the standard symplectic invariant η(p, Ω) of p = (n e , n m ) and Ω = (a D , a) which is such that η(Gp, GΩ) = η(p, Ω) for any G ∈ Sp(2, Z). Generically, for a given point u in moduli space, a and a D are two complex numbers such that a D /a / ∈ R and all possible central charges form a lattice in the complex plane, see By charge conservation alone, it could decay into the W boson (1, 0) and the magnetic monopole (0, 1) but, by the triangle inequality of elementary geometry, the sum of the masses of the decay products would be larger than the mass of the (1, 1) dyon. Hence the latter is stable. The same argument applies to all BPS states (n e , n m ) such that (n e , n m ) = q(n, m) with n, m, q ∈ Z, q = ±1: states with n e and n m relatively prime are stable. The preceeding argument fails if (a D /a)(u) ∈ R, since then the lattice collapses onto a single line and decays of otherwise stable BPS states become possible. It is thus of interest to determine the set of all such u, i.e. C = {u ∈ C | (a D (u)/a(u)) ∈ R}, which is called the curve of marginal stability [5, 6] . Given the explicit form of a D (u) and a(u) it is straightforward to determine C numerically [3] , see Fig. 2 , although it can also be done analytically [6] . The precise form of Figure 2 . In the u plane, we show the curve C of marginal stability which is almost an ellipse centered at the origin (thick line), the cuts of a(u) and a D (u) (dotted and dashed lines), as well as the definitions of the weak-coupling region R W and the strong-coupling region (R S+ ∪ R S− ). the curve however is irrelevant for our purposes. What is important is that as u varies along the curve, a D /a takes all values in [−1, 1]. More precisely, if we call C ± the parts of C in the upper and lower half u plane, then
with the value being discontinuous at u = −1 due to the cuts of a D and a running along the real axis from −∞ to +1. The curve C separates the moduli space into two distinct regions: inside the curve and outside the curve, see Fig. 2 . If two points u and u ′ are in the same region, i.e. if they can be joined by a path not crossing C then the spectrum of BPS states (by which we mean the set of quantum numbers (n e , n m ) that do exist) is necessarily the same at u and u ′ . Indeed, start with a given stable BPS state at u. Then imagine deforming the theory adiabatically so that the scalar field φ slowly changes its vacuum expectation value and tr φ 2 moves from u to u ′ . In doing so, the BPS state will remain stable and it cannot decay at any point on the path. Hence it will also exist at u ′ . If, however, u andũ are in different regions so that the path joining them must cross the curve C somewhere, then the initial BPS state will no longer be stable as one crosses the curve and it can decay. Hence the spectrum at u andũ need not be the same.
As an example, consider the possible decay of the W boson (1, 0) when crossing the curve on C + at a point where a D /a = r with r any real number between −1 and 0. Charge conservation alone allows for the reaction
On C + , and only on C + , we also have the equality of masses, thanks to
Had one crossed the curve in the lower half plane instead, r would have been between 0 and +1 and the dyon (1, −1) would have been decribed as (1, 1) (see below), and eq. (6) would have worked out correspondingly.
Since the region of moduli space outside the curve contains the semi-classical domain u → ∞, we refer to this region as the semi-classical or weak-coupling region R W and to the region inside the curve as the strong-coupling region R S . We call the corresponding spectra also weak and strong-coupling spectra S W and S S . This terminology is used due to the above-explained continuity of the spectra throughout each of the two regions. Nevertheless, the physics close to the curve is always strongly coupled even in the socalled weak-coupling region.
THE MAIN ARGUMENT AND THE WEAK-COUPLING SPECTRUM
The important property of the curve C of marginal stability is P1 : Massless states can only occur on the curve C. The proof is trivial: If we have a massless state at some point u, it necessarily is a BPS state, hence m(u) = 0 implies n e a(u) − n m a D (u) = 0 which can be rewritten as (a D /a)(u) = n e /n m . But n e /n m is a real number, hence (a D /a)(u) is real, and thus u ∈ C. Indeed the points u = ±1 where the magnetic monopole and the dyon (±1, 1) become massless are on the curve. The converse statement obviously also is true: P2 : A BPS state (n e , n m ) with n e /n m ∈ [−1, 1] becomes massless somewhere on the curve C. Of course, it will become massless precisely at the point u ∈ C where (a D /a)(u) = n e /n m . Strictly speaking, in its simple form, this only applies to BPS states in the weak-coupling region, since the description of BPS states in the strong-coupling region is slightly more involved as shown below. Let me now state the main hypothesis. H : A state becoming massless always leads to a singularity of the low-energy effective action, and hence of a D (u), a(u). The Seiberg-Witten solution (2) for a D (u), a(u) is correct and there are only two singularities at finite u, namely u = ±1. Then the argument we will repeatedly use goes like this: If a certain state would become massless at some point u on moduli space, it would lead to an extra singularity which we know cannot exist. Hence this state either is the magnetic monopole ±(0, 1) or the ±(±1, 1) dyon and u = ±1, or this state cannot exist.
As
To determine which states are in S W one uses a global symmetry. Taking u → e 2πi u along a path outside C does not change the theory since one comes back to the same point of moduli space, and hence must leave S W invariant. But it induces a monodromy transformation
In other words, M ∞ S W = S W . Now, we know that S W contains at least the two states that are responsible for the singularities, namely (0, 1) and (1, 1) together with their antiparticles (0, −1) and (−1, −1). Applying M
±1
∞ on these two states generates all dyons (n, ±1), n ∈ Z. This was already clear from [1] . But now we can just as easily show that there are no other dyons in the weakcoupling spectrum. If there were such a state ±(k, m) with |m| ≥ 2, then applying M n ∞ , n ∈ Z, there would also be all states ±(k−2nm, m). The latter would become massless somewhere on
Since there is always such an n ∈ Z, this state, and hence ±(k, m) cannot exist in S W . Finally. the W boson which is part of the perturbative spectrum is left invariant by M ∞ : M ∞ (1, 0) = −(1, 0), where the minus sign simply corresponds to the antiparticle. Hence we conclude
This result was already known from semi-classical considerations on the moduli space of multimonopole configurations [7, 8] , but it is nice to rederive it in this particularly simple way. Now let us turn to the new results of [3] concerning the strong-coupling spectrum.
THE Z 2 SYMMETRY
The classical susy SU (2) Yang-Mills theory has a U (1) R R-symmetry acting on the scalar φ as φ → e 2iα φ so that φ has charge two. In the quantum theory this global symmetry is anomalous, and it is easy to see from the explicit form of the one-loop and instanton contributions to the low-energy effective action (i.e. to F ) that only a discrete subgroup Z 8 survives, corresponding to phases α = 2π 8 k, k ∈ Z. Hence under this Z 8 one has φ 2 → (−) k φ 2 . This Z 8 is a symmetry of the quantum action and of the Hamiltonian, but a given vacuum with u = tr φ 2 = 0 is invariant only under the Z 4 subgroup corresponding to even k. The quotient (odd k) is a Z 2 acting as u → −u. Although a given vacuum breaks the full Z 8 symmetry, the broken symmetry (the Z 2 ) relates physically equivalent but distinct vacua. In particular, the mass spectra at u and at −u must be the same. This means that for every BPS state (n e , n m ) that exists at u there must be some BPS state (ñ e ,ñ m ) at −u having the same mass:
This equality shows that there must exist a matrix G ∈ Sp(2, Z) such that
where e iω is some phase. Indeed, from the explicit expressions (2) of a D and a one finds, using standard relations between hypergeometric functions, that
where ǫ = ±1 according to whether u is in the upper or lower half plane. The subscript W indicates that this is the matrix to be used in the weak-coupling region, while for the strongcoupling region there is a slight subtlety to be discussed soon. We have just shown that for any BPS state (n e , n m ) existing at u (in the weakcoupling region) with mass m there exists another BPS state (ñ e ,ñ m ) = ±G W,ǫ (n e , n m ) at −u with the same mass m. Now, since both u and −u are outside the curve C, they can be joined by a path never crossing C, and hence the BPS state (ñ e ,ñ m ) must also exist at u, although with a different massm. So we have been able to use the broken symmetry to infer the existence of the state (ñ e ,ñ m ) at u from the existence of (n e , n m ) at the same point u of moduli space. Starting from the magnetic monopole (0, 1) at u in the upper half plane (outside C) one deduces the existence of all dyons (n, 1) with n ≥ 0. Taking similarly u in the lower half plane (again outside C) one gets all dyons (n, 1) with n ≤ 0. The W boson (1, 0) is invariant under G W,ǫ . Once again, one generates exactly the weak-coupling spectrum S W of (8), and clearly G W,ǫ S W = S W .
THE STRONG-COUPLING SPEC-TRUM
It is in the strong-coupling region that this Z 2 symmetry will show its full power. Here M ∞ no longer is a symmetry, since a monodromy circuit around infinity can be deformed all through the weak-coupling region but it cannot cross C into the strong-coupling region since the state that is taken along this circuit may well decay upon crossing the curve C. The relations (10,11) expressing a D (−u), a(−u) in terms of a D (u), a(u) nevertheless remain true. What needs to be reexamined is the relation betweenñ e ,ñ m and n e , n m . This is due to the fact that there is a cut of the function a(u) running between −1 and 1, separating the strong-coupling region R S into two parts, R S+ and R S− , as shown in Fig. 2 . As a consequence, the same BPS state is described by two different sets of integers in R S+ and R S− . If we call the corresponding spectra S S+ and S S− then we have
This change of description is easily explained: take a BPS state (n e , n m ) ∈ S S+ at a point u ∈ R S+ and transport it to a point u ′ ∈ R S− . In doing so, its mass varies continuously and nothing dramatic can happen since one does not cross the curve C. Hence, as one crosses from R S+ into R S− , the functions a D and a must also vary smoothly, which means that at u ′ ∈ R S− one has the analytic continuation of a D (u) and a(u). But this is not what one calls a D and a in R S− . Rather, these analytic continuationsã D (u ′ ) and a(u ′ ) are related to a D (u ′ ) and a(u ′ ) by the monodromy matrix around u = 1 which is M 1 as
Hence the mass of the BPS state at u
m are given by eq. (12). As a consequence of the two different descriptions of the same BPS state, the G-matrix implementing the Z 2 transformation on the spectrum has to be modified. As before, from the existence of (n e , n m ) at u ∈ R S+ one concludes the existence of a state G W,+ (n e , n m ) at −u ∈ R S− . This same state must then also exist at u but is described as M 1 G W,+ (n e , n m ). Had one started with a u ∈ R S− the relevant matrix would have been M −1 1 G W,− . Hence, in the strong-coupling region G W,± is replaced by
and again one concludes that the existence of a BPS state (n e , n m ) at u ∈ R S,ǫ implies the existence of another BPS state G S,ǫ (n e , n m ) at the same point u. The important difference now is that G 2 S,ǫ = −1, so that applying this argument twice just gives back (−n e , −n m ). But this is the antiparticle of (n e , n m ) and always exists together with (n e , n m ). As far as the determination of the spectrum is concerned we do not really need to distinguish particles and antiparticles. In this sense, applying G S,ǫ twice gives back the same BPS state. Hence in the strong-coupling region, all BPS states come in pairs, or Z 2 doublets (or quartets if one counts particles and antiparticles separately):
and similarly for S S− . An example of such a doublet is the magnetic monopole (0, 1) and the dyon (1, −1) = −(−1, 1) which are the two states becoming massless at the Z 2 -related points u = 1 and u = −1. Note that in S S− the monopole is still described as (0, 1) while the same dyon is described as (1, 1). It is now easy to show that this is the only doublet one can have in the strong-coupling spectrum. Indeed, one readily sees that either n e /n m ≡ r is in [−1, 0] or (n e + n m )/(−2n e − n m ) = −(r + 1)/(2r + 1) is in [−1, 0]. This means that one or the other member of the Z 2 doublet (15) becomes massless somewhere on C + , the part of the curve C that can be reached from R S+ . But as already repeatedly argued, the only states ever becoming massless are the magnetic monopole (0, 1) and the dyon (1, −1). Hence no other Z 2 doublet can exist in the strong-coupling spectrum and we conclude that
P3 : The strong-coupling spectrum consists of only those BPS states that are responsible for the singularities. All other weak-coupling, i.e. semi-classical BPS states must and do decay consistently into them when crossing the curve C. We have shown above the example of the decay of the W boson, cf. eq. (5), but it is just as simple to show consistency of the other decays [3] .
When adding massless quark hypermultiplets next, we will see that the details of the spectrum change, however, the conclusion P3 will remain the same.
GENERALISATION TO
N = 2 SUSY QCD INCLUDING N f = 1, 2
, 3 MASS-LESS QUARK HYPERMULTIPLETS
We will continue to consider only the gauge group SU(2) as studied in [9] . We will also restrict ourselves to the case of vanishing bare masses of the quark hypermultiplets. Here, we will be very qualitative and describe only the results, referring the reader to [4] for details. The main difference with respect to the previous case of pure YangMills theory is that now the BPS states carry representations of the flavour group which is the covering group of SO(2N f ), namely SO(2) for one flavour, Spin(4) = SU (2) × SU (2) for two flavours, and Spin(6) = SU (4) for three flavours. We will present each of the three cases separately.
According to Seiberg and Witten [9] there are 3 singularities at finite points of the Coulomb branch of the moduli space. They are related by a global discrete Z 3 symmetry. This Z 3 is the analogue of the Z 2 symmetry discussed previously. Its origin is slightly more complicated, however, since the original Z 12 is due to a combination of a Z 6 coming from the anomalous U (1) R symmetry and of the anomalous flavour-parity of the O(2N f ) flavour group. In any case, the global discrete symmetry of the quantum theory is Z 12 . The vacuum with non-vanishing value of u = tr φ 2 breaks this to Z 4 . The quotient Z 3 acting as u → e ±2πi/3 u then is a symmetry relating different but physically equivalent vacua. The three singular points are due to a massless monopole (0, 1), a massless dyon (−1, 1) and another massless dyon (−2, 1). Again there is a curve of marginal stability that was obtained from the explicit expressions for a D (u) and a(u) [4] . It is almost a circle, and of course, it goes through the three singular points, see Fig. 3 , where we also indicated the various cuts and correspondingly different portions R S+ , R S− , R S0 of the strong-coupling region R S . So here one needs to introduce three different desciptions of the same strong-coupling BPS state. The corresponding spectra are denoted S S+ , S S0 and S S− . The ratio a D /a increases monotonically from −2 to +1 as one goes along the curve in a clockwise sense, starting at the point where (−2, 1) is massless. Then using exactly the same type of arguments as we did before, one obtains the weak and strong-coupling spectra. All states in the latter now belong to a single Z 3 triplet, containing precisely the three states responsible for the singularities. Denoting a BPS state by (n e , n m ) S where S is the SO(2) flavour charge, and denoting its antiparticle (−n e , −n m ) −S simply by −(n e , n m ) S , one finds [4]
with states in S S+ or S S− related to the description in S S0 by the appropriate monodromy matri-
One sees that the state (1, 0) 1/2 in S S0 corresponds to (2, −1) 1/2 in S S+ or to (1, 1) 1/2 in S S− and is the one responsible for the third singularity. Also note that following [9, 4] we changed the normalisation of the electric charge by a factor of 2, so that now (2, 0) 0 is the W boson and (1, 0) 1 is the quark. All decays across the curve C are consistent with conservation of the mass and of all quantum numbers, i.e. electric and magnetic charges, as well as the SO(2) flavour charge. For example, when crossing C into R S0 , the quark decays as (
This case is very similar to the pure Yang-Mills case. The global discrete symmetry acting on the Coulomb branch of moduli space is again Z 2 and the curve of marginal stability is exactly the same, cf. Fig. 2 , with the singularities again due to a massless magnetic monopole (0, 1) and a massless dyon (1, 1). Note however, that this is in the new normalisation where the W boson is (2, 0). So this dyon has half the electric charge of the W, contrary to what happened for N f = 0. With the present normalisation one finds the weak and strong-coupling spectra as S W = {±(2, 0), ±(1, 0), ±(n, 1), n ∈ Z} S S+ = {±(0, 1), ±(−1, 1)}
and all decays across C are again consistent with all quantum numbers. For the quark one has e.g. (1, 0) → (0, 1) + (1, −1) with the flavour representations of SU (2) × SU (2) working out as (2, 2) = (2, 1) ⊗ (1, 2).
N f = 3
In this case the global symmetry of the action is Z 4 and a given vacuum is invariant under the full Z 4 . Consequently, there is no global discrete symmetry acting on the Coulomb branch of the moduli space. There are two singularities [9] , one due to a massless monopole, the other due to a massless dyon (−1, 2) of magnetic charge 2. The existence of magnetic charges larger than 1 is a novelty of N f = 3. The curve of marginal stability again goes through the two singular points. It is a shifted and rescaled version of the corresponding curve for N f = 0, see Fig. 2 . Due to the cuts, again we need to introduce two different descriptions of the same strong-coupling BPS state. The variation of a D /a along the curve C is from −1 to −1/2 on C + and from −1/2 to 0 on C − . Luckily, this is such that we do not need any global symmetry to determine the strong-coupling spectrum. For the weak-coupling spectrum, one uses the M ∞ symmetry. One finds S W = {±(2, 0), ±(1, 0), ±(n, 1), ±(2n + 1, 2), n ∈ Z} S S+ = {±(1, −1), ±(−1, 2)}
with (1, −1) ∈ S S+ corresponding to (0, 1) ∈ S S− , so this is really the magnetic monopole. The flavour symmetry group is SU (4), and the quark (1, 0) is in the representation 6, the W boson (2, 0) and the dyons of magnetic charge two are singlets, while the dyons (n, 1) of magnetic charge one are in the representation 4 if n is even and in 4 if n is odd. Antiparticles are in the complex conjugate representations of SU (4). Again, all decays across the curve C are consistent with all quantum numbers, and in particular with the SU (4) Clebsch-Gordan series. As an example, consider again the decay of the quark, this time as (1, 0) → 2 × (0, 1) + (1, −2). The representations on the l.h.s. and r.h.s. are 6 and 4 ⊗ 4 ⊗ 1. Since 4 ⊗ 4 = 6 ⊕ 10 this decay is indeed consistent. All other examples can be found in [4] .
CONCLUSIONS
The conclusions have already been listed in the abstract, and there is no need to repeat them here again.
